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XII — MATHEMATICS

MATERIAL
6 Marks & 10 Marks

PREPARED BY : S. Gurunathan., B.Sc., B.Ed
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APPLICATIONS OF MATRICES AND DETERMINANTS

Find the adjoint of matrices:

1 2 3) [1 2 3
(')[2 _4] (o 5 0 -[o 5 0].
2 4 3] 12 4 3

3 —1]

Solution: (i)A=[2 _al-

the matric of cofactor[Aij]=[_14 _32]

Therefore ade=(Aij)T=[:L2L é

1 2 3

(i) A=]0 5 0

2 4 5
Cofactor of 1 is =+ (15-3) =15

Cofactorof 2 is=-(0-0)=0
Co-factor of 3 is =+ (0-10) =-10
cofactor of 0 is =-(6-12) =6
cofactor of 5 is =+(3-6) -3
cofactor of O is =-(4-4) =0
cofactor of 2 is =+(0-15) =-15

cofactor of 4 is =-(0-0) =0

cofactor of 3 is +(5 0) 5
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15 0 -—10
Aj=l 6 =3 0

—-15 0 5

15 6 -—15
There fore adj.A =| 0 3 O]
—10 O 5
2 5 3
(iil) A=[3 1 2]
1 2 1

cofactorof 2 is=+ (1-4)=-3
cofactorof 5 is=-(3-2)=-1
cofactorof 3 is=+(6-1)=5
cofactor of 3 is=- (5-6)=1
cofactor of 1 is=+(2-3)=-1
cofactorof 2 is=-(4-5)=1
cofactor of 1 is=+(10-3)=7
cofactor of 2 is=-(4-6)=5

cofactor of 1 is =+ (2-15) =-13

-3 -1 5
Aij=| 1 -1 1

7 5 -—13

3]
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-3 1 7
There fore adj.A =[—1 -1 5
5 1 -13

2.Find the adjoint of the matrix A=[é _25] and
verify the result. A(adj.A) = (adj.A)A = |A|l,
Solution A= [3 &

the matrix of cofactor[Aij] =[:; _13]

There fore adjA=(4ij)’ [ 2 _12]

A(adj.A) =[1 2 [_5 —2

3 =5Il-3 1
- [0 _l=-uly J=an
(adj.A)A = [_ 2”; _25
N [_11 —11]=_11[(1) (1)]=|A“2

Hence A(adj.A) = (adj.A)A = |A]l,

3 -3 4
3.find the adjoint of matrix A = [2 -3 4] and verify the result.
0 -1 1

A(adj.A) = (adj.A)A = |A]L.
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3 -3 4
2 -3 4
0 -1 1

Solution: A =

3 -3 4
2 -3 4
0 -1 1

=3(-3+4) + 3(2-0) +(-2-0)

Al =

=3+6-8=1

Cofactor of 2 is=+(-3+4)=1
Cofactor of 5 is =- (2-0) = -2
cofactor of 3 is =+ (-2-0) = -2
cofactor of 3 is=- (-3+4)=-1
cofactor of 1 is=+(3-0)=3
cofactor of 2is=- (-3+0)=3
cofactor of 1 is=+(-12+12)=0
cofactor of 2 is =-(12-8) =-4

cofactor of 1is =+ (-9+6) =-3

1 -2 -2
Aij=1—1 3 3

0 -4 -3

5[
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1 -1 0
Thereforeadj.A =|—-2 3 —4
-2 3 =3

3 =3 4][1 -1 0
A(adj.A)=[2 —3 4”—2 3 —4]

0O -1 11t-2 3 =3

1 0 g
=10 1 ]=(1)I=AI
0 O

1
1 -1 071[3 -3 4
(adj.A)A=|-2 3 -—4|[2 -3 4
-2 3 =3llo -1 1
1 0 0
=l0 1 o] =()=|Al
0 0 1

Hence A(adj.A) = (adj.A)A = |A|lsHence proved.

4.Find the inverse of each of the following matrices:

1 3 7 2 -2
(|)[ 1 —1] (||)[4 2 3‘ (lll)[ O],

1 -1 1 1 2 1 0 —2 1
8 —1 -3 2 2 1
(lv)[ ](v) [1 3 1]
10 —1 —4 1 2 2

y
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1 0 3
Solution: ()A = [2 1 —1]
1 -1 1
1 0 3
Al=]2 1 -1
1 -1 1

=1(1-1)-0(2+1) +3(-2-1)

=-9 20
Co-factorof 1 is=+(1-1)=0

Co-factor of Ois=- (2+1)=-3

Co-factor of 3 is=+(-2-1) =-3
Co-factor of 2 is=- (0+3)=-3
Co-factor of 1 is=+(1-3)=-2
Co-factor of -1 is=- (-1-0)=1
Co-factorof 1 is=+(0-3)=-3
Co-factor of-1is=-(-1-6)=7

Co-factorof 1is=+(1-0)=1

0 -3 -3
Aij=|-3 -2 1

-3 7 1

7[>
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0 -3 -3
There fore adj.A =(4ij)T =|-3 -2 7
-3 1 1

1 0 -3 -3 1O 3 3
A——(ade) -3 =2 7 53 2 =7

-3 1 1 3 -1 -1

(ii) Solution: (A =

1 3 7
4 2 3

1 3 7
=14 2 3
1 2 1

=1(2-6) -3 (4-3) +7(8-2)

|A

=-4-3+42=3520

Cofactor of 1 is=+(2-6)=-4
co -factorof 3 is=- (4-3)=-1
co- factorof 7 is=+(8-2)=6
co-factorof 4 is=- (3-14)=11
co-factor of 2 is =+ (1-7) =-6
co-factor of 3is=- (2-3)=1
co-factor of 1 is=+(9-14)=-5
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co-factor of 2 is=-(3-28) =25

co-factor of 1is=+(2-12) =-10

-4 -1 6
Aijj=111 -6 1
-5 25 -10
-4 11 -5
Therefore adj.A =|—1 -6 25
6 1 -10
. N -4 11 -5
1,
A= A(adJ.A) T -1 -6 25
6 1 -10
1 2 =2
(iii) Solution: (iii)A = ]—-1 3 0
0o -2 1

1 2 =2
Al =1 3 0
0 -2 1

=1(3-0) -2(-1-0) +(2-0)
=3+2-4=1
Cofactor of 1 is=+(3-0)=3

Cofactorof 2 is=- (-1-0)=1

9[>
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cofactor of -2 is=+(2-0)=2
cofactor of -1 is=- (4-0)=-4
cofactor of 3 is=+(1-0)=1
cofactor of Ois=- (-2-0) =2
cofactor of Qis=+(0+6)=6
cofactor of -2 is =-(0-2) =2

cofactor of 1is =+ (3+42)=5

1 Ad]A326
A=|A|112

2 2 5

8 -1 -3
(iv) Solution: (ivA = [-5 1 2
10 -1 -4

10 | B2
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8 -1 -3

IAl =5 1 2
10 -1 -4
=8(-4+2) + 1(20-20) -3(5-10)

=-16+0+15=-1

Cofactor of 8 is =+ (-4+2)=-2
Cofactor of -1 is=- (20-20)=0
cofactor of -3 is=+(3-10) =-5
cofactor of -5 is=- (4-3)=-1
cofactor of 1is=+(-32+30)=-2
cofactor of 2 is =- (-8+10) =-2
cofactor of 10 is=+(-2+3)=1
cofactor of -1 is=-(16-15)=-1

cofactor of -4 is =+ (8-5)=3

—2 0 -5
[Aijl=|-1 -2 —2‘

1 -1 3

—2 -1 1
(adj. A)= (AiNT =| 0 =2 —1]
-5 -2 3

11 | B
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-2 -1 1
A_l = ,%|(adj . A) = —i1|: 0 —2 —1]
-5 -2 3

— 1 .

2 1 -1
0 2 1
2

5

(v) Solution: (VA = |1
1 2 2

221]

Al =

2 2 1
1 3 1
1 2

=2(6-2) -2(2-1) +1(2-3)

=8-2-1=5

Cofactor of 2 is=+(6-2)=4

Cofactorof 2 is=- (2-1)=-1
cofactor of 1 is=+(2-3)=-1
cofactor of 1 is=- (2-2)=-2
cofactor of 3 is=+(4-1)=3

cofactor of 1 is =- (4-2) =-2

12 | B
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cofactor of 1 is=+(2-3)=-1
cofactor of 2 is=-(2-1)=-2

cofactor of 2is=+(6-2)=4

4 -1 -1
[Aij]=[—2 3 —2]
1 -1 4
4 -2 -1
(adj.A)=(Aij)T=[—1 3 —1]
1 -2 4

1 4 =2 -1
Izl(adj ) 5 -1 3 -1

-1 -2 4
. 2 _1 . . -1 S 1,71
s.iftA = [0 7 and 8= [ ] verify that () (aB) =8 ‘A

(i) (AB) '= B'AT

Solution: (i) A = [ ] B= [2 _1]

][2 —1] [10 2 —5—2]

ABz[ 14-3 —-7+3

13 | B

&&&&&&&&&&&&&&&&&&&&&&&&&

y
E N B N B N o



O e A O N R e R e e

[8 -3
11 —4

To findA !

P2 i5q4-
|A’—‘7 3‘ = 15-14=1

adj .A [3 _2

A= |%| (ad) .A) = [3 _2]

-7 5
To find B™

_1| =2-1=1

B||11

s}
adj.B =[1 ;

B'= ;(ad B) [1 1]

14 | B
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113—2]

@ A1=[1 21l-7 5

—2+5
3 14 —2+10

To find (AB) *

-3

|AB | ‘11 .

‘ =32+33 =1
—4 —11]
3

-4 3
11 8

Matrix of cofactor of(AB) =[

Therefore adj.(AB) = [

4 3

Therefore (AB) * ||(adJAB [_11 3

From (1) and) (2) (AB) =B 'A'

8 11
-3 —4
2 —1[5 7
-1 1112 3

R

(ii) (AB)"= o (3)

Also  B'AT =[

From (3) and (4) we get (AB) = B'AT

15 | B
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3 -3 4
6.find the inverse of the matrix A=|2 -3 4
0O -1 1
3 -3 4
=12 -3 4
0 -1 1
3 =3 4
Al 22 3 4
0 -1 1

=3(-3+4) +3(2-0) +4(-2-0)

=3+6-8=1

Cofactor of 3is =+ (-3+4) =1
Cofactor of -3 is =- (2-0) =-2
Cofactor of 4 is =+ (-2-0) = -2

Cofactor of 2 is =-(-3+4)=-1

cofactor of -3 is =+ (3-0)=3

cofactor of 4 is=- (-3-0)=3
cofactor of 0 is=+(-12+12)=0
cofactor of -1 is=-(12-8)=-4

cofactor of 1is =+ (-9+6) =-3

16 |
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1 -2 =2
Aij=[-1 3 3

0 -4 -3

-1 -1 0
(adj. A) = (Ai))T = [—2 3 —4]
-2 3 =3
B ) 1 -1 0
A'E| ~ (adj. A) = [—2 3 —4]
-2 3 =3

To find thatA® = A"
3 =3 4113 -3 4
=12 -3 4||2 -3 4
0O -1 110 -1 1

9-6+0 -9+9-4 12-12+4
6—-6+0 —-6+9—-4 8-12+4
0-2+0 0+3-1 0-4+1

3 —4 4
=[o —1 o‘
-2 2 =3

3 —4 41[3 -3 4

A3=[O -1 o]z -3 4]

—2 2 =3llo -1 1

9-8+0 -9+12-4 12-16+4
=l 0—-2+4+0 0+3+0 0—-4+0
—-6+4+0 6—-6+3 —-8+8-3

17 | B

&&&&&&&&&&&&&&&&&&&&&&&&&

y
E N B N B N o



O e A O N R e R e e

1 -1
[2 3 —4‘
2 3 -3
= Al

A3

7). Show that the adjoint of A=

-1 =2 =2
2 1 =2| is3AT

2 =2 1
-1 -2 =2
A =]2 1 =2
2 =2 1

Cofactor of -1 is =+ (1-4) = -3
Cofactor of -2 is =- (2+4) = -6
Cofactor of -2 is =+ (-4-2) = -6

Cofactorof 2 is=-(-2-4)=6

Cofactorrof 1 is=+(-4+1) =3
cofactor of -2 is=- (2+4) =-6
cofactor of 2 is=+(4+2)=6
cofactor of -2 is=-(2+4)=-6

cofactor of 1 is =+ (-1+4) =3

-3 -6 —6
[Aijl=] 6 3 -6
6 —6 3

18 | A
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(Adj. A) =[Aij]T =

-3 6 6
—6 3 =6 (1)
-6 —6 3
-1 2 2
3A'=3|-2 1 -2
-2 -2 1
3 6 6
=-6 3 =6} (2)
-6 —6 3
There for (Adj. A) = 3A" from (1) and (2).
—4 -3 3]
8 .show that the adjointof A=| 1 0 1 |is Aitself.
| 4 4 3|
—4 -3 =3]
A=1|1 0 1
| 4 4 3|

Cofactor of -4 is =+ (0-4) = -4
Cofactor of-3is=-(3-4) =1
Cofactor of -3 is=+(4-0)=4

=- (-9+12) =-3

(-12+12) =0

cofactor of 1 is=-(-16+12)=4
cofactor of 4 is =+ (-3+0) = -3

cofactorof 4 is=-(-4+3)=1

19 | B
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cofactor of 3 is =+ (0+3) = 3

1
—5[12 + 12+ 3] =1
Cofactor of 3is =+ (2+4) =6

Cofactor of-3is =- (-4-2) = 6

20 | 4
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Cofactor of4 is =+ (4+-1) =3
Cofactor of 2 is=-(4+2)=-6
cofactor of -3 is=+(4-1)=3
cofactor of 4 is=- (-4-2)=6
cofactor of 0 is=+(4-1)=3
cofactor of -1 is=-(4+2)=-6

cofactor of 1 is=+(4+2)=6

) 6 6 3
[Aijl=5|-6 3 6
3 —6 6
) 6 —6 3
(adj. A)= (AT =56 3 —6
3 6 6
. 2 =2 1
=22 1 -2
1 2 2
2 -2 1
A= |Al(ad JA) = 2 1 -=2|-=A
1 2 2
21 | B8
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-1 2 =2 B
10.For A=|4 -3 4|, show thatA=A"
4 —4 5

=14 -3 4
4 —4 5
-1 2 =2
4 -3 4
4 -4 5

=-1(-15+16)-2(20-16) -2(-16+12)

-1 2 —2]

| Al =

=-1-8+8 =-1
Cofactor of-1 is =+ (-15+16) =1
Cofactor of 2 is =- (20-16) = -4
Cofactor of-2 is =+ (-16+12) = -4
Cofactor of 4 is=-(10-8) =-2
cofactor of -3 is =+ (-5+8) =3
cofactor of 4 is=- (4-8) =4
cofactor of 4 is=+(8-6) =2
cofactor of -4 is=-(-4+8)=-4

cofactor of 5is=+(3-8)=-5

22 | B
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1 -4 —4
Aij=[-2 3 4

2 —4 =5

1 -2 2
(adj. A) = (Aij))T = [—4 3 —4]
4 4 -5
1 -2 2
Al m(adj A) = [ 4 3 —4]
4 4 =5

) -1 2 =2
A= |4 -3 4
4 -4 5

Find the adjoint of matrices:

1 2 3
(i)[ ](u)[o 5 (ﬂ;
2 4 3

Solution: (i) A=|¢ b d]
) .._[d —c
the matrix of cofactor[Aij]= b a]

Therefore adjA=(4ij) ' :[_dc _ab]

23 | oA
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1 1 1
1 2 -3
2 -1 3

cofactor of 1 is =+ (6-3) =3

(i) A=

cofactor of 1 is=- (3+6) = -9
cofactorof 1 is=+(-1-4)= -5
cofactor of 1 is =-( 3+1) = -4
cofactor of 2 is=+(3-2) =1
cofactor of -3is=-(-1-2) =3
cofactor of 2 is =+(-3-2) = -5

cofactor of -1 is=-(-3-1) =4
cofactor of 3 is=+(2-1) =1

Aij =[-4 1 3

-5 4 1

3 -9 —5]

3 —4 -5
There fore adj.A = ]

-9 1 4
5 3 1

2.Find the adjoint of the matrix A—[
result. A(adj.A) = (adj.A)A = |A|l,

{ _ 4] and verify the

24 | B
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Solution A= [1 _4] A= ‘1 _4/ =4-2=2

the matrix of cofactor[Aij] [ 5 1]

4—2

There fore adjA=(4ij) ' —[ 1

AadiA) :[—1 2 [—4 —2

1 —allo1 1
- =2[(1) (1)]=|A|I2

(adj. A)A = 1 —1”1 —4

= [o z]zz[(l) (1)] =IAllz

Hence A(adj.A) = (adj.A)A = |All,

1 1 1
3.find the adjoint of matrix A = (1 2 —3] and verify the
2 -1 3
result.
A(adj.A) = (adj.A)A = |A|l.
1 1 1
Solution: A =1 2 —3]
2 -1 3
1 1 1
Al =1 2 =3
2 —1 3
25 | Bra
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= 1(6-3) -1(3+6) +1(-1-4)
=3-9-5=-11

cofactor of 1 is =+ (6-3) =3
cofactor of 1 is=- (3+6) = -9
cofactorof 1 is=+(-1-4) = -5
cofactor of 1 is =-( 3+1) = -4
cofactor of 2 is=+(3-2) =1
cofactor of -3is=-(-1-2) =3
cofactor of 2 is =+(-3-2) = -5
cofactor of -1 is=-(-3-1) =4
cofactor of 3 is=+(2-1) =1

-9 -5
Aij=|-4 1 3
-5 4 1
3 —4 -5
There fore adj.A 9 1 4 ]
-5 3 1
1 1 1 3 —4 -5
A@dj.A)=[1 2 —3”—9 1 4]
2 -1 31l-5 3 1

26 | B
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—-11 0 0
={ 0 —-11 O

0 0 -11

1 0 O
= '11[0 1 0‘= ('11)'3 = A '3
0 0 1

3 —4 =5]1 1 1
-9 1 4][1 2 —3]

-5 3 1112 -1 3

(adj.A)A=

1 0 0
=-1110 1 0| = ('11)'3:|A||3
0 0 1

Hence A(adj.A) = (adj.A)A = |AllsHence proved.

3 1 -1
4. find the inverses of the following matrices:[z —2 0]

1 2 -1
3 1 -1
A=|2 -2 O]
1 2 -1
3 1 -1
A=|2 -2 0|=2=%0
1 2 -1
cofactor of 3is =+ (2-0) = 2
cofactor of lis =- (-2-0) = 2
cofactor of -1 is =+ (4+2) =6
27 | B
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cofactor of 2 is =-(-1+2 ) =-1
cofactor of -2 is =+(-3+1) = -2
cofactor of 0is =-(6-1) =-5
cofactor of 1 is =+(0-2) = -2
cofactor of 2 is =-(0+2) = -2
cofactor of -1 is =+(-6-2) = -8

2 2 6
Alj 1 =2 —5]
-2 -2 -8

2 —1 =2
There fore adj.A =|2 -2 —2]
6 -5 -8
2 -1 =2
Al—llladj A=2[2 -2 —2]
6 -5 -8

5. ifA = [1 ﬂ and B = ‘1) ‘21] verify that (i)

(AB)!=B'A*

Solution: (i) [ ]B [0 -1

28 | B
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o=} A0

[0tz 142 3
0+1 -1+2I"l1 1

To find A™*
12 3| _ o
A8 =2 2| = 23 =1

=1, 7

To find B

29 | o4

&&&&&&&&&&&&&&&&&&&&&&&&&

y
| | i- I 1
E N B N B N o



O e A O N R e R e e

To find (AB)*

|AB| :E i ‘:2-3:1

Matrix of cofactor of(AB) = [_31 _12]

Therefore adj.(AB) = [_11 _32]
Therefore (AB) * ‘|A—B| (adj AB)= [ 1 _2

BIAT = ][1 —1 [1 —2

From (1) and) 2) (AB) '=B'TAT

EXERCISE 1:2

Solve by matrix inversion method each of the following system of
linear equations:

1.()) 2x-y =7, 3x-2y =11

Solution: 2x-y =7
3x-2y =11
AX =B
2 -1
A =
[3 -2
30 | B

y
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BNEN

_ 12 -1 _ _
|A| = 3 o =-4+3=-1

X =A'B.

2 —1]

wi) =5 5

Adj.A = (Aij) =[_32 :;]

A= 5 edia)= [5T]

S MR P

X=3,y=-1.
1(ii). 7x+3y =-1, 2x+y=0
Solution: 7x+3y =-1,
2x+y=0
AX =B

Ik
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A = |Z i| =7-6=1

X =AB.

1 —2]

wi) = |5

Adj.A = (Ajj)’ [2 _73]

A _\Al(adJA) [ 2 _73]

1 —3]H 1+0J —
2+ 0
X=-1,y=2.
2. x+y+z=9,2x+5y+7z2=52 , 2x+y-z=0.

Solution: x+y+z=9

2x+5y+7z2 = 52

2x+y-z=0
1 1 17(x 9
2 5 71y| = b2
2 1 —-111z 0

It is of the form AX =B,
32 | B
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X =A"'B.

1 1 1
A=[25 7]

2 1 -1

1 1 1
2 5 7
2 1 -1

=1(-5-7)-1(-2-14)+1(2-10)

A=

=-12+16-8 = -4
Cofactor ofl is =+ (-5-7) = -12
Cofactor of 1is =-(-2-14) = 16
Cofactor of 1is =+ (2-10) = -8
Cofactor of 2 is =- (-1-1) = 2
Cofactor of5 is=+(-1-2)=-5
Cofactor of 7 is=-(1-2)=1
Cofactor of2 is=+(7-5)=2
Cofactor of1 is=-(7-2)=-3

Cofactor of-1 is=+(5-2)=3
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~12 16 -8
Aj=| 2 -5 1

2 -3 3

—-12 2 2
(adj. A)=(Aij))T =116 -3 =5
—8 1 3
. —12 2 2
Al m(adj A) = == 16 -3 -5
| —8 1 3 |
. —12 2 219
X =Z 16 -3 —5 5
| —8 1 3 10

) 108 —-104 O ) 4
X=Z —144 156 O =712
72 —-52 0

X=1,Y=3, Z=5

2. 2x-y+z=7,3x+y-52=13, x+y+z=5

Solution: 2x-y+z=7
3x+y-52=13
X+y+z =5
34 | B8
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2 -1 11|x 7
e

5

1 1 11|z
It is of the form AX =B,

X =A'B.
2 -1 1
A=13 1 =5
1 1 1
2 -1 1
Al=3 1 -5
1 1 1

=2(1+5) +1(3+5) +1(3-1)
=12+8+2 =22
Cofactor of 2is =+ (1+5) =6
Cofactor of-1 is =- (3+5) = -8
Cofactor of 1is =+ (3-1) =2
Cofactor of 3is=-(-1-1) =2
Cofactorof 1 is=+(2-1)=1
Cofactor of-5is=-(2+1)=-3
Cofactor oflis=+(5-1)=4

Cofactor of1lis=-(-10-3)=13
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Cofactor of 1is=+(2+3)=5

6 —8 2
Aij={2 1 -3

4 13 5

6 2 4
(adj. A)= (Ai))T =|-8 1 13
2 -3 5
1 6 2 4
Al —(adj A) = -8 1 13
2 -3 5§
1 6 2 4117
= -8 1 13|13
2 —3 515
) 42 + 26 + 20
== —56+ 13 + 65
14 — 39 + 25
88
=22|= q
=—22|=

X=4,y=1,2=0
5.x-3y-8z+10=0, 3x+y=4, 2x+5y+6z=13
Solution: x-3y-8z+10=0
3x+y =4

2x+5y+6z =13
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(&)

It is of the form AX =B,

1 -3 -8jx
[3 1 0]

y
2 5 61z

X=A!B.
1—3 —8
|Al=

1 -3 -8
A =3 1 0
2 5 6

=1(6-0) +3(18-0) -8(15-2)
=6+54-104 = -44
Cofactor ofl is =+ (6-0) = 6
Cofactor of -3is =- (18-0) =-18
Cofactor of -8is =+ (15-2) = 13
Cofactor of3 is =- (-40+18) = -22
Cofactor ofl is =+ (6+16) = 22
Cofactor of 0 is=-(5+6)=-11

Cofactor of 2 is=+(0+8)=8
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Cofactor of 5 is=-(0+24)=-24

Cofactor of 6is=+(1+9) =10
6 —-18 13
Aij=|-22 22 -11

8 -24 10

6 —22 8
(adj.A)=(Aij)T=[—18 22 —24]

13 -—-11 10
L —22
A IE(adJ =— 18 22 —24
13 —-11 10
—22 8 10
X-_44 18 22 24| 4
13 —11 10 1\13
’ —44
= a4
—44
0
=1
1
X=1,y=1,2z=1.

Solve by matrix inversion method each of the following system of
linear equations: x+y = 3, 2x+3y =8

Solutlon x+y 3
38 | B
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2x+3y = 8
AX =B

A=l

B

Y.

i

1A = |; §| =32=1

X =A!B.

Ay = 2 7]

Adj.A = (Aij)’ —[3 _1

= 5 ediA) = | 32 _11]

x_[2 —1]7 _[14-11|_(1

y 13 =2111) (21-22) |2
x=1,y=2

2. 2X-y+3z=9 , X+y+z=6 ,X-y+z=2.

Solution : 2X-y+3z =9
X+y+z =6
X-y+z = 2.
39 | B4
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2 -1 3]k 9
[1 1 1]% = {6]
1 -1 11z 2

It is of the form AX =B,

X =AB.
2 -1 3
A=l1 1 1
1 -1 1
2 -1 3
A|:<1 1 1
1 -1 1

=2(1+1)+1(1-1)+3(-1-1)

=4+0-6=-2+0

Cofactor of 2 is =+ (1+1) =2
Cofactor of -1is=-(1-1) =0

Cofactor of 3 is =+ (-1-1) =-2

Cofactor of 1 is =- (-1+3) = -2

Cofactor of 1 is=+(2-3)=-1

Cofactor of 1 is=-(-2+1)=1
Cofactor of 1 is=+(-1-3)=-4
Cofactor of -1 is=-(2-3)=1
Cofactor of 1 is=+(2+1)=3
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Aij=|-2 -1 1

-4 1 3

2 0 —2]

2 -2 —4
(adj. A) = (AT = [ 0 -1 1 ]
2 1 3

AL =L (adj A)-—[g _i _14]
apdl -
2 1 3

5, 2

x=1,y=2,2=3

X

Y
Z

9

< ~

RANK OF MATRIX

Find the rank of the following matrices:

1 1 -1
113 -2 3

2 -3 4
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1 1 -1
Solution: A= |3 -2 3
2 -3 4
R2 —>R2-3R1; R3_> R3-2R1
1 1 -1
~10 =5 6
0 =5 6
Rs™ R3-R;
1 1 -1
~10 =5 6
0O O 0

The last equivalent matrix is in the echelonform. it has two
non zero rows.

Therefore p(A) =2

6 12 6
2).[1 2 1]

4 8 4

6 12 6
Solution: A= |1 2 1
4 8 4

R1 =1R1; Ry~ 1IR3
6 4

1 2 1
~1 2 1
1 2 1

R2 —R;-R1; Rs ™™ Rs-R;
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1 1 -1
o = ¢
0 O 0

The last equivalent matrix is in the echelonform. it has two
non zero rows.

Therefore p(A) =1

1 2-1 3
5. (4 4 1 —2)
3 6 3 -7

2 — 3
~( 0 3 —8 )Rz—)Rz—ZRl ,R3—>R3—3R1
0 6 -—16
1 2-1 3
~10 0 1 -2 R3—> R3—2R2
0O 00 0

The last equivalent matrix is in the echelonform. it has
two non zerorows. Therefore p(A)=1

1 -2 3 4
6. (—2 4 -1 —3)
-1 2 7 -6

1 -2 3 4
letA=|{ -2 4 -1 -3
-1 2 7 —6

R, = R2+2R1 Rs = R3+R;

43 | B
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1 -2 3 4
"‘(0 0 5 5 | Rs = R3-2R;
0 0 10 10

1 -2 3 4
{0 o s s)
0 0O 0 O

The last equivalent matrix is in the echelon form.it has
two non zerorows. Therefore p (A) = 2.
1 1 -1
1 find the rank of the matrix|2 -3 4
3 =2 3

1 1 -1
Solution: A=|2 -3 4
3 -2 3

R2 =+ R,-2R; ; Rs— R3'3R1

1 1 -1
o =5 o
0 O 0

The last equivalent matrix is in the echelonform. it has two
non zero rows is 2.

Therefore p(A) =2

1 2 3-1
2 . find the rank of the matrix: 2 4 6 -2
3 6 9-3
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1 2 3-1
solution:A =2 4 6 -2
3 6 9-3

R~ R, -2R; Rs*>R3—-2R;

1 2 3-1
2 4 6 —2
3 6 9-3

The last equivalent matrix is in the echelonform. it has one
non Zzero rows .

Therefore p(A) =1

4 2 1
3. find the rank of the matrix: 6 3 4 7
2 1 0 1

4 2 1 3
solution:A =6 3 4 7
1 01
1 2 4 3
4 3 6 7 ~Cl &C3
0 1 21

Rz_’ R2 —R]_
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1 2 4 3
0 -5 -10 -5
0 1 2 1

O R
RN
NN D
o W
o/

D
'
e
e

S O
O =N
O N B
O = W

The last equivalent matrix is in the echelonform. it has two
non Zzero rows .

Therefore p(A) =2

1.4 (1) (Cramer’s rule method)—> (Determinant Method)
Consider the system of non homogeneous equations of
apixtapy = by

axix+azy = by

46 | B
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_(all al2
et 'Em a22 J

Ay b1 al2
b2 a22

A Jadl bi
Y3012 b2

Ax Ay ..
Then x = - ¥F Xy find x =value and y= value

Example: solve the following non homogeneous system of linear
equations by determinant method.

1. 3x+2y =5; x+3y=4

Solution: 3x+2y=5

x+3y =4
13 2
A= 1 3
=9-2=7
AX=|451 2
=15-8=7
13 5
Ay'|1 4
=12-5=7
47 | B
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Ax
A

=1

Then x =

| N

&y _7
=4 5 =1

findx=1landy=1

2. 2x+3y=5; 4x+6y=12
Solution: 2x+3y =5

Adx+6y =12

-

=12-12=0

Ax= |12 6
= 30-36 = -6 =0

By = |4 12
=24-20=4=0

Since A=0; A #0 and the system is inconsistent.

3. 4x+5y=9; 8x+10y=18

48 | B
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Solution: 4x+5y=9

8x+10y = 18

A= |8 10
=40-40=0

AX=|18 10|
= 90-90 = 0

Ay |8 18
=72-72=0

SinceA=Ax=Ay=0

And at least one of the coefficients is non zero the system is
consistent and has many solutions.

Lety =k .then x—9 45k

Therefore the solution set is (x,y) = (ﬂ k) where k€R

4. X+Y+Z =4; X-Y+Z=2; 2X+Y-Z=1
Solution: X+Y+Z =4
X-Y+Z =2

2X+Y-Z=1

49 | B4
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1 1 1
A=11 -1 1
2 1 -1

= 1(1-1)-1(-1-2)+1(1+2)

=0+3+3=6
4 1 1
Ax=|2 -1 1
1 1 -1

=4(1-1)-1(-2-1)+1(2+1)

=0+3+3 =6

1 4 1
Ay=11 2 1
2 1 -1

=-3+12-3=6

1
-1
1

Az =

N~
_ N A

= 1(-1-2)-1(1-4)+4 (1+2)

=-3+3+12 =12

Thenx—A—x 6 =1
A 6

50 | B4
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5. 2X+Y-Z=4; X+Y-2Z=0; 3X+2Y-3Z=4
Solution: 2X+Y-Z=4
X+Y-2Z=0

3X+2Y-32=4

2 1 -1
A=1 1 =2
3 2 -3

= 2(-3+4)-1(-3+6)-1(2-3)

=2-3+1=0

4 1 -1
Ax=0 1 -2
4 2 -3

= 4(-3+4)-1(0+8)-1(0-4)

=4-8+4=0
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2 4 -1
Ay=1 0 -2
3 4 -3

= 2(0+8)-4(-3+6)-1(4-0)

=16-12-4=0

= 2(4-0)-1(4-0)+ 4(2-3)
=8-4-4=0

Since A =Ax = Ay = Az =0 .the system is consistent and has many
solution .also all

2x2 minor of A#0. The system is reduced to equation.
Letz =k
2x+y-k =4 2x+y = 4+k

X+y-2k=0 x+y =2k

- |
=2-1=1
Ax |4+k 1

1

52 | B4
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= 4+k-2k = 4-k

12 44k
Ay" 2k
=4k-4-k = 3k-4

Thenx=2% =22% =4k
A 1

_ Ay _3k—4
ST = 3k-4

x =4-k and y= 3k-4 and z=k

solution set is (4-k,3k-4,k) where k €R

6. 3X+y-z = 2; 2X-y+2z2=6; 2x+y-2z=-2
Solution: 3x+y-z =2
2x-y+2z =6
2X+y-2z2 = -2
3 1 -1
A=2 -1 2
2 1 =2

=3(2-2)-1(-4-4)-1(2+2)

=0+8-4=4

2 1 -1
Ax=16 -1 2
2 1 =2
53 | B4
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=2(2-2)-1(-12+4)-1(6-2)

=0+8-4=4

3 2 -1
Ay92 6 2

2 =2 =2
=-24+16+8 = 8
3 1 2
Az942 -1 6
2 1 =2

= 3(2-6)-1(-4-12) + 2(2+2)
=-12+16+8 =12

Ax 4
Thenx—r n =1

-PIOO 1
N

Ay _
Y= 7

=

2

7= =T=3

>|&

7. X+2y+z=6; 3x+3y-z=3; 2x+y-2z=-3

Solution: X+2y+z=6
3x+3y-z=3
2x+y-2z = -3

54 | B4
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1 2 1
A=3 3 -1
2 1 -3

= 1(-6+1)-2(-6+2)+1(3-6)

=-5+8-3=0
6 2

Ax={3 3 -1
-3 1 =2

= 6(-6+1)-2(-6-3)+ 1(3+9)

=-30+18+12=0
1 6 1
Ay=3 3 -1
2 -3 =2

= 1(-6-3)-6(-6+2)+ 1(-9-6)

=-9+24-15=0

1 2 6
Az=|3 3 3
2 1 -3

= 1(-9-3)-2(-9-6) + 6(3-6)

=-12+30-18 =0
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Since A =Ax = Ay = Az =0 .the system is consistent and has many
solution .also all

2x2 minor of A#0. The system is reduced to equation.
Letz=k
x+2y+k =6 x+2y = 6-k

3X+3y-k=3  3x+3y =3+k

12
A‘|3 3
-36=-3
16—k 2

=134k 3

= 18-3k-6-2k = 12-5k

1 6-k
3 3+k

=3+k-18+3k= 4k-15

Ay=|

Ax 12-5k 5k—12
Thenx=— = =
A -3 3

_ Ay _4k—15 _ 15-4k
A -3 3

5k—12 15—4k
s—an nd y=

X = and z=k

S5k—12 15 —4k
3

solution set is ( ,k) where k €R.

8. 2x—y+z =2; 6x-3y+3z2=6; 4x-2y+2z =4

solution : 2x —y+z =2
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6x -3y +3z=6
4x-2y +2z =4
2 -1 1
A =6 -3 3
4 =2 2
= 2(-6+6)+1(12-12)+1(-12+12)
=0
2 -1 1
Ax =16 -3 3
4 =2 2
= 2(-6+6)+1(12-12)+1(-12+12)
=0
2 2 1
Ay =16 6 3
4 4 2

= 2(-12+12)-2(12-12)+1(24+24)

=0
2 -1 2
Az =16 -3 6
4 -2 4

= 2(-12+12)+1(24-24)+1(-12+12)
=0

A =Ax=Ay = Az =0

57 | B

&&&&&&&&&&&&&&&&&&&&&&&&&

y
E N B N B N o



O e A O N R e R e e

all (2x2) minor are also zeros . but atleast one of Aij in A is
non zero.

the system is consistent and has many solution . all the three
equation reduce to one solution. 2x-y+z=2
put z= k then 2x—-y = 2-k

2—k+
let y = s ,then x = ( 25

,S, k) wheres, k€ R

o L 2 1 _q 2,4, 1 _ 5. 3_2_2
X y Z X y z X y Z
solution : let l=a;l=b;l=c.
x y z
a+2b-—c =1
2a+4b+c =5
3a-2b-2c =0
1 2 -1
A =2 4 1
3 =2 =2
= 1(-8+2)-2(-4-3)-1(-4-12)
= -6+14+16=24
1 2 -1
Aa=|5 4 1
0 —2 =2

=1 (-8+2)-2(-10-0)-1(-10-0)

=-6+20+10=24

58 | BHARATHIDHASANAR MATRIC HIGHER SECONDARY SCHOOL,ARAKKONAM — 12" MATHS 6 & 10 MARKS

O A O N N R e e

y
E N B N B N o



O e A O N R e R e e

1 1 -1
Ab =|2 5 1
3 0 -2
= 1 (-10-0)-1(-4-3)-1(0-15)
=-10+7+15 =12
1 2 1
Ac =2 4 5
3 =2 0
1(0+10)-2(0-15)+1(-4-12)
= 10+30-16 =24
Aa 24 1
a = Tor T 1—>; =1=>x=1
Ab 12 1 1 1
b =y Fu T Ty T =2 Y=2
Ac 24
c Y 1—>; =1=>z=1

10. a small seminar hall hold 100 chars . three different colours (red,
blue , and green ) of chairs are available . the cost of red chairs is Rs .
240, cost of the blue chairs is Rs 260 the cost of the green chairs is Rs .
300 . the total cost of the chairs if Rs. 25,000. find atleast 3
different solution of the number of chairs in each colour to be
purchased .

solution: letx,y,z bethe no. of red, blue, green chairs.
given that X+y+z = 100
240x +x260y+300z = 25000

=20
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12x+13y+15z = 1250
x+y =100 -k

x+y = 1250-15k

A= |12 13| -13-12=1

Ay = | 100—k 1
1250 — 15k 13

= 1300 -13k-1250+15k
= 50 +2k

Ay - |1 100k
Y = 112 1250 — 15k

1250 -15k-1200+12k
= 50 -3k

X 50+2k

A
A 1
&y

X = =50+ 2k

v =AA =50;31’( —£0 — 3k

z =k
the solution setis (50+2k ,50-3k ,k) wheres, k € R.
X+2y+z =7 ; 2X-y+2z2 =4 ; X+y-2z=-1
Solution: X+2y+z =7

2X-y+2z2 =4
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1
=15

1

2

X+y-2Z = -
2
1
1

2

1
2
1
4 -1 2
-1 1 =2

7
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solutionis (x,y,z) =(1,2,2)
. X+ty+2Z = 6; 3X+ty-z =2; 4x+2y+z=8
Solution : X+y+2z =6
3X+y-z =2
AX+2y+z = 8

1 1 2
3 1 -1
4 2 1

A= =0

6 1 2
AXx32 1 -1| =0

8 2 1

2

Ay = -1
1

1 6
3 2
4 8
=0

11 6

3 1 2
4 2 8

=0

Az=

Since A =Ax = Ay = Az =0 .the system is consistent and has many
solution .also all

2x2 minor of A#0. The system is reduced to equation.

Letz=k
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X+ty+2k =6 x+y = 6-2k
3x+y-k =2 3x+y =2+k

11
A"|3 1
=1-3=-2
6=2k 1
A=  k 1
= 6-2k-2-k = 4-3k
1 6-2k
Ay‘|3 2 +k

= 2+k-18+16k = 7k-16

Ax  4-3k  3k—4
Thenx=— = =
A -2 2

_ 4y _7k—=16 _ 167k
A —2 2

3k—4 16—7k
X = ——an dy=

and z=k

solution set |s(3k —t 1o Tk k) where k €R.

. X+y+2z =4 2x+2y +4z=8; 3x+3y+6z =12
solution : X +y+2z =4

2X +2y +4z = 8

3x+3y +6z =12
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1 1 2
A =2 2 4
3 3 6
=0
4 1 2
Ax =8 2 4
12 3 6
=0
1 4 2
Ay =2 8 4
3 12 6
1 1 4
Az =12 2 8
3 3 12
= 2(-12+12)+1(24-24)+1(-12+12)
=0

A = Ax=Ay =Az =0

all (2x2) minor are also zeros . but atleast one of Aij in A is
non zero.

the system is consistent and has many solution . all the three
equation reduce to one solution. x+y+2z=4

4—s—t

put x=s then s+t+2z=4 =>z=

lety =t ,then x = (s,t,4_;_t) where s, k € R
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. A bag contain 3 types of coins namely Re. 1 ,Re. 2, Re. 5 .there are
30 coins amounting to Re. 100 in total . find the number of coins in
each category .

solution: letx,y,z bethe no.of coinsineach Re.1,Re. 2, Re.5.

given that X+y+z = 30
X +2y+5z =100
x+y =30-k
x+y =100-5k

A=|1 ; =2-1=1

Ay = | 30—k 1
100 — 5k 2

= 2(30-k) -(100-5k)
= 3k-40

1 30—k

8 =11 100 - 5k

= (100-5k) —(30-k)

= 70 -4k
_ Ax _ 3k—40 _ _
X = T3 = 3k —40
Ay 70 —4k
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z =k
the solution setis(x,yz) = (3k—40,70-4k,k) wheres, k € R.

Since the number of coins is a non — negative integer , k=0,1 ,3 ....
Moreover 3k —40 > 0, 70- 4k=0, => 14 <x< 17
The possible solution are (2,14,14)(5,10,15)(8,6,16)(11,2,17).

EXERCISE : 1.5

examine the consistency of the following of the equations . if it
is consistent then solve the sums .(using by rank method)

4x+3y+6z = 25 ; x+5y+7z =13 ; 2x+9y+z =1
solution : 4x+3y+6z = 25
x+5y+7z =13
2x+9y +z = 1
4 3 6
A=11 5 7
2 9 1
4 3 625
(A,B) = [1 5 713|~
2 9 11

1 5 713
(A,B) = [4 3 625| Ri©R;
2 9 11
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RZ_RZ—4R1 , R3_>R3-2R1
1 5 7 13
~|10 =17 -—=22-27
0 -1 -—-13-25
Rz™-R2) ; R3*(-Rs)

1 5 713
~10 17 2227

0 1 1325
Ry R;
1 5 7 13
~10 1 1325
0 17 2227
Rs—R 3-17R;

1 5 7 13
~10 1 13 25
0 0 —-199-398

=>p(A,B) =3 andalso p(A)=3= no.of unknowns

hence the systemis consistent and has unique solution.

-199z =-398 y+132z=25 X+5y+7z =13
z =2 y+26 = 25 x—5+14 =13
y=-1

solution is x =4 ,y=-1, z=2
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(i) x-3y-82=-10 ; 3x+y-4z=0 ; 2x+5y+6z-13 =0
solution : x -3y -8z =-10
3x+y-4z=0
2x+5y+6z2-13=0
1 -3 -8
A=13 1 —4
2 5 6
1 -3 —-8-10
(AB) = |3 1 —40
2 5 6 13
RT’R2—3R1 , R3_’R3'2R1

1 -3 —-8-10
~10 10 20 30
0 11 22 33
Rz*R,+ 10) ; R3*(-Rs+ 11)

1 -3 —-8-10
~10 1 2 3

0 1 2 3
Rs”R3—R;
1 -3 —-8-10
~10 1 2 3
0O O 0 O

=>p(A,B) =2andalso p(A) # no.of unknowns.
hence the systemis consistent and has unique solution.

let z =k
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x—3y = -10 +8k
=> 3x—9y = -30+ 24k
3x—-9y = -30+ 24k
3x+y =4k
() () ()
-10y = -30+ 20k

y =-2k+3
X =-10+8k +3 (-2k +3)
x =2k-1
The solutionsetis (2k -1, -2k +3 ,k) , where k € R.

(iii). x+y+z =7 ; x+2y+3z =18 ; y+2z = 6.

solution :  x+y+z =7
X+2y +3z=18
y+22=6
1 1 1
A=11 2 3
0 1 2
1 1 17
(A,B) = |1 2 318
0 1 26
Rs*>R,—R;
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1 1 17
~10 1 211| Rs>R3—R;

0 0 26
1 1 17
~(0 1 211
0 0 0-5
=>p(A,B) =3 andalso p(A)=2 .
hence the system is inconsistent and has no solution.
(iv) x-4y+7z = 14 ; 3x+8y-2z =13 ; 7x-8y +26z = 5
solution : x-4y+7z = 14
3x+8y-2z=13
7x -8y +26z2 =5
1 -4 7
A=|3 8 -2
7 —8 26

1 —4 714
(ALB) = (3 8 —-213
7 —8 2605

R7>R,—-3R; R3s> R3-7R;

1 -4 7 14
~10 20 =23 —-29| Rs—R;

0 20 -—-23 -93
1 —4 7 14

~10 20 —23—-29]| Rs™>R3—R;
0 0 0 —64

=>p(A,B) =3 andalso p(A)=2 .
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hence the systemis inconsistent and has no solution.
(VIX+Y=Z =1 ; 2X42Y-2Z = 2; -3X-3Y+3Z=-3
solution : X+Y-Z =1

2X+2Y-2Z = 2 =>dividing by 2

-3X-3Y +3Z=-3 => dividing by -3

all three equation are one and the same.
there is only one equation in three unknowns.
hence the system is consistent but has many solution .
letz =k, ; y =k;then

X+y—-z=1

x= 1-ki+ky

X = (1-k;+ky, ki, ko) ki, koE R.
2. discuss the solution of the system of equation for all values of A

X+y+z2=2 ; 2X+y-22 =2 ; Ax+y+4z = 2

solution : X+y+z= 2
2X+y-2z =2

Ax+y +4z = 2
1 1 1
A=12 1 -2
A 1 4
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11 1
Al=2 1 =2
A1 4

= 1(4+2)-1(8+21)+1(2—A1)
= 6-8-24+2-4 = -31

where A # |0J A#0 => the system has unique solution.

1 1 1
let A=0 .then A=1]2 1 =2
0O 1 4

1 1 1 2

(AB) ~|2 1 —-22

A1 4 2

1 1 1 2

(A,B) ~12 -1 —4 —-2|R2— R2—2R1
0 1 4 2

R, —» Ry X(-1) ; R3™ Ry +R3

1 1 12
(AB) ~|2 1 4 2
0O 0 0O

=>p(A,B) =2andalso p(A) =2 # no .of unknowns.

hence the systemis consistent and has many solution.

let z =k

x+y=2-k

2x +y = 2+2k
-x=-3k
72| B

y
E N B N B N o

&&&&&&&&&&&&&&&&&&&&&&&&&



O e A O N R e R e e

x = 3k
hence y = 2-4k
Therefore solution is (3k, 2-4k,k) , k € R.

3.for what value of k, the system of equations. kx+y+z =1 ;
x+ky+z = 1;

x+y+kz =1 have (i) unigue solution, (ii) more then one solution
and (iii) no solution.

solution : kx +y +z =1
x+ky+z=1
x+y+kz=1

K 1 1 K 1 11

A=1|1 K 1 (ALB) =1 K 11

1 1 K 1 1 K1

| A = K(K*-1)-1(K-1) +1(1-K)

= K (K*-1)-1(K-1) -1(K-1)

(K-1)(K(K+1)-1-1)

(K-1)(K*+K-2)

(K-1)(K+2)(K-1) = (K — 1)? (K+2)
=>(K — 1)? (K+2) =0 then k = 1,-2
suppose k# 1 and k# -2 theh A #0
= > the system is consistent and has unique solution .

(ii) letk =1.then the system reduces to a single equation
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Xx+y+z =1

the system will have many solution .

(iii) let k =-2
-2 1 11
1 1 =21
1 -2 11
(A ,B ) ~|=2 1 1 1 RieR,
1 1 =21

Rz_’Rz +2R1 ; Rg—' R3-R1
1 -2 11
~{0 -3 3 3
0 3 =30
RT™ 5 Rs—>Rs+R,
1 -2 11
~(0 -1 11
0O 0 03
=>p(A,B) =3 andalso p(A) =2

hence the system is inconsistent and has no solution.
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vector algebra

1.Finda.bwhena=2" + EJ?—T{and b= (—57-57 +2k
Solution : 3= 2 + T-KandB = & -3j + 2k

> >

a.b= (2)(6)+(2)(-3) +(-1) (2)

= 12-6-2=4
- >
2. 1fa=l+j+2kandb=31+2 —kfind (3% 3b). (23 -D)
Solution
> > > —> —> —> —>—>
a = i+j+2 =3i+2j—k
— —> — —> — — — —>
a + 3 = i+ j+2k) +3(3i +2j -k
—> —
= (i +7+2k) +(9 +6 -3k
— —> >
= (10i + 7j —k)
—>  —> — — —> —> — —
2a b = 2(i + j+2k)-(3i + 2 k

3.find Asothat the vectors 2i + Aj +kKand T- 2j + kare
perpendicular to each other.

Solution: leta=2i+Aj+
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— —>
a. b =

Since a and b are perpendicular 0

(2) (1) +(4) (-2) +(1) (1) =0

3

2-21+1=0= A = >

—»—»—»9—»

4. Find the value of m for which the vectors a = 3i + 2j + 9k and

— —> —> —>
b =i+ mj+ 3k are (i) perpendicular, 9ii) parallel.

— —> — —>
Solution: a=3i+2j+9k
— —> —> —>
b=i+mj+3k
— >
(i) If they are perpendicular a.b=0

Hence (3) (1) +(2) (m)+(9)(3) =0

3+2m+27=0
=m=-15
" 3 2
(i) If they are parallel, T o= - =3
> =9m=6=>m= %

— —>

_>
5. Find the angles which the vectori—j + V2 k makes with the
coordinate axes.

— —>—>

_>
Solution: LletF=i—j+ V2 kK

F1 = JP12 + (12 =2

Hence direction cosines |, m, n of F are
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1 b V2 1
/:—:—’m:—z —
2 |F| 2

c
|F|

V2

N =
-

n=

Let a, B and y are the angles at which r makes with x-axis, y-axis and
z-axis, then

1 T
cos « =I=5 =0 =—

cos ,B=m=% =7 ,8=7r-§= —
COSY:n:% =>‘y=

— — —>
6. Show that the vectori +j + kis equally inclined with the coordinate

axes.

Solution: F =_i:-_j>+?

IF| =V(1)2 + (1)2 + (1)2 = V3

Hence the direction cosines I, m, n of F are

Let @, B and ¥ be the angles at which r is inclined to x-axis and z-axis.

1 1 1
Then, cos &« = —, cos § = —, COS Y= —
! V3’ p V3’ Y V3

N _n_ _ -1i
a=f=y=cos” % {}

7.1fa andb are unit vectors inclined at an angle 0, then prove that
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. 9_1 A N .o 9 _ |C’i_B|
(i) cos - = |a +b | and (ii) tan 2 = i

. . A~ = 2 2 2
Solution: (i) |a +b |© =a|"+ |b|"+2]|a, b

=1+1+2|a| |b| cosH

=2+2(1)(1)cos® =2+2cos O
=2(1+cosB)=2 Ecoszg J

A7 0
| a+b |2=4c0525

N | =
+
S
N| D

S

la —
|a+

~ . 0 0
|a-b|=25|n5 then tan > =

S

8. If the sum of two unit vectors is a unit vector prove that the

magnitude of their difference is V3.
Solution: Let & +b =¢given |é| =1, alsoa, b are unit vectors.
To prove that: la-b| =3

- > —> —

(@a+b). (a+b)—aa+2_’_5+bb
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lc|? = |a|®*+2a.b + |b]|?

= 1= lal® +2 (a. b) + |b]|?
=>|a|’+ |b|*=1-2(a.b)

=>2=1-2(a.b)

1=-2(a.b)

- —

Now, (a—b) =a.a -2 (a.b) +b.b

— —> 5 12
la— b|* =|a|*+ |b'?-2 (a. b)
=1+1+1
=3
=>|§>—B>| =\/3.

9. If a, b, c are three mutually perpendicular unit vectors, then prove
that

——> —>
la+b+c| = =/3.

— > —>
a, b, c

Solution:  Given are three mutually perpendicular unit

vectors.
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—> —
STl =1bl = |cl =1

and a —_B ? _E _E;—v 0
Now, @+ B+ (a+ B3 3B B+E. =23 b+b.c+ 22

@+b+c|>=1+1+1=3
> |2a+b+c| =3
10. If f+b| =60, IF-b| =40 and [b| =46 find [A].
Solution: [2+B| =60, [a-b | =40, TB| = 46
3600 + 1600 = 2| a| 2 + 4232
2|a|2 =968 = |a|2 =484

T lal =22

— —>
11. Letu, v and w be vector such that Uu+v+w=0.

aaaaaa
If|u| 3, |v| 4and|w| 5thenfindu. v+ v. w+Ww.u
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Solution:

T+V+W)(U+V+W) =[P+ [V + [ W[*+2 (0. V+ o w+w. 1)

—> —>—

> 0=9+16+25+2 (T V+UT. W+WwW.0)

>2(0. VFOLW+W.T) = -50
— > —> —>
U.v+ u. w+w.u
— > —>—> — — —> >
12. Show that the vectors 3i—2j +k, i- 3j+ 5k and 2i + j -4k form a

right angled triangle.

. —» —> > >
Solution: Let a= 3i-2j+k
_>
—5=_i'371’+5k
- > > >
and c =2i+j—- 4
—> >
a.b=(3)(1)+(-2)(-3)+(1)(5)=3+6+5=14

b.c=(1)(2)+(-3)(1)+(5)(-4)=2-3-20=-21
c.a =(3)(2)+(-2)(1)+(1)(-4)=6-2 -4=0
= c and a are perpendicular to each other.
> > > > >
Also, b+c =(i—3j+5k)+ (2i +j-4k)
—> > > —>
=3i-2j+k=a

Hence the vectors form a right angled triangle.

Another method:

13| = VEZ+(22+(1) = Vo+4+1 =14
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1| = V(1) +(372+(572 =vVi+9+25 =35

1T = VOF+ Q)7+ ()7 =vVa+1+16 =21
Since |B>|2 = |5>|2+|_E|2

The vectors form a right angled triangle.

- > —>

- —>
13Show that the points whose position vectors 4i — 3j + k, 2i — 4j + 5k,

- —>
i-j Form aright angled triangle.

Solution: Let OA = 4i-3j+k
— - > 5> —> - —>
OB = 2i—4j+5k OC = i-j
AB = OB - OA
=2 — 4j+5_|: (II’ —T+T(> 27— +4K
BC= OC - OB

v

T N-2i-4j+3k) —1+3j -5k
CA = OA-OC
_’

— 5> —>
3i—2j+

= (@i-3]+1)-(i-]) =

~’2’¢

IAB| = V (-2)%+ (-1)°+ (4)° =V4+1+16 =21

IBC| = V(-1)*+(3)*+(-5)> =vV1+9+25 =+/35

ICA| =V(3)?+(-2)*+ (1) =V9+4+1 = Va1
|BC|*> =|AB|*+|CA?

=>35=21+14 =>35=35
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= The triangle is right angled. AB + BC = AC.

14. Find the projection of

- —> - > > > > —> —> > > > > >
(i) i— jon z-axis, (ii) i + 2j — 2k on 2i —j + 5k, (iii) 3i +j—k on 4i —j + 2k.
—> > >
Aging (—j) k
Solution: (i) Projection of i —j on z-axis = i 0
> (T+2] —20)(2i—j 15K
—» + —j+
(ii) Projection of | +2J 2k on 2i —j + 5k |s¥-=-(qli—)

|2i—j +5k|

_2-2-10 _ —10
T VA+1+25 /30

- > > - > > S ;
(iii) Projection of 3i+j—k on 4i—j + 2k is Bidj- k)4 izj+2k)

12-1-2 9

Vi6+1+4 21

EXERCISE 2.2
Prove by vector method.
1. If the diagonals of a parallelogram are equal then it is a rectangle.

Solution: Let ABCD be a parallelogram. Let AC and BD be the
diagonals

Then AC =BD (given)
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=>|AC|> = |BD|?

—>

—>
(AB + BC). (AB +

- —
=>4AB.BC=0

equidistant from its vertices.

— —>
=> AD =DC

Since B =90

O e A O N R e R e e

e N <
=>AC.AC =BD.BD

v

— —
> |AB|%+ |BC|2 + 2AB . BE

—>
Hence AB is perpendicular to BC
=> ABCD us a rectangle.

2. The mid point of the hypotenuse of a right angled triangle is

Solution: Given ABC is a right angled triangle in which AC is the
hypotenuse and D is the mid point of AC.

y
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—>
Hence |AD| = |DC| = |DB|
D is equidistant from the vertices.

3. The sum of the squares of the diagonals of a parallelogram is equal to
the sum of the squares of the sides.

- —> —>

Solution: AC = AB +BC
— -
BD =BA+AD

- s >
=AD + BA=AD - AB
AC? = (AB + BC)’D

=A_IB'2+I§CZ+2AT§.I§E

=282+ BC2+ 2AB + AD C
—>
BD? = (AD — AB)?

. —» - —

= AD% + AB® -2AB. AD

-—»2

C+ 2=,K>BZ+§>2+AD2+—>B2

o

= AB? + BC?+ DC* + AD?
4. cos (A+B) =cos A cos BB —sin Asin B.

— —
Solution: Let I, j be the unit vectors along OX and OY, OP and 0OQ
are draw such that XOP = A and XOQ =B so that POQ =—a>+5>

— —

Take OM =O0OL =1 unit

Draw MN L to OX

— - —
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OM = ON+NM

OM =COSA T+sinA]

—>

—> —>
L = cosBi-sinB j
— —> —> —> —> —>
OM.OL =(cosAi+sinAj).(cosBi -sinBj)
—>

|OM | |OL| cos (A+B)=cosA cosB -sinA sinB

=>Cos (A+B)=cosA cosB -sinA sinB

- > 5> —

5. Find the work done by the force F =2 i +j + k acting on a particle, if

the partlcle is displaced from the point with p05|t|on vector
—>

2 i+ 2_| +2 kto the point with Position vector 3 i +4j+5 k

- — - —
Solution: Displacement d = AB= OB-0A
- — > 5 —> > -
k; OB

—>
Work done =F.d
——>

=2+ 2+ 3=7units.

6. A force of magnitude 5 units acting parallel of 27’——2? +—k>displaces
the point of application from (1,2,3) to 5,3,7). Find the work done.

—>

— —>
Solution: Displacement =AB= OB-OA

— —>

= (0OA = |+2]+3k OB 5|+3]+7k)
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- —

= 4i +j+4

— —> —>
Force of magnitude 5 units acting parallel to 2i - 2j +k

2i-2j+ k 5 5 >
- l4+{1+1 =3 (2i=2j+k)
10 10
=—(4) - — (1) +(4)

- = = — - —

7.Theconstantforce52_>i -5j+6Kk,-i +21—kand2| +7jactona
particle which is displaced from position 47 3] 2K to position

—> > —

6i +j—3k. Find the work done.

Solution:  Displacement = Final position — Initial
position

- —> — - 5 —>
=(6i +j—3k)—(4i -3j—2k)

e

=2i+4j-k
- — —>
Total forces = (2i -5j+6k)+(-i +2_j>—_k>)+(_>i+—7>j)
— —> —>
= (31 +4j+5k)
- —
Work done = F.d
- > —

—(3| +4J+5k) (2i +4j-k)

=6+16-5=17
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—> - —
8. Forces of magnitudes 3 and 4 units acting in directions 6i + 2 j + 3k

—> —> —>
and 3i -2j+6k respectively act on a particle which is displaced from
the point (2, 2, - 1) to ( 4, 3, 10. Find the work done by the forces.

Solution: Displacement = Final position - Initial
positions
—> — —
= (4—i>+§f+ ) (2i +2j - k)
= 2 +T+ K
{E" 1213k E‘l 27 +6k J
— LT LT 2j
Forcesare = 3 oo and 4 —

Sum of the forces = % (6i +2j+3Kk) +§ (3—i>-2—j>+6_k'5

- —

2 (301 - 2 +33K). (21 4T+ 2K)

= [30 (2)=2(1)+33(2)]

[60 2+66] =22 =1274 units.
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SOLUTIONS OF EXERCISE -

2.
—> > 5

1Fmdthemagnltudeofaxblfa 2i+k, b=i+]j

—>—>—>—>—>—>

=7 (0-1)-j(2-1) +K(2-0)
ST

laxb] = J(=1D2+(-1D2+ @) =Vi+1+4 =6

2. If |_z;| = 3, |T) | =4 and 2 b = 9 then find 2 x_b>|

Solution: a.b = | 3| | B | cos®

5. 9=3x4cos 6
Hence sin 8 =v1 — cos?
—
= V1= vz
4
—’
|axb| |a||b|§n6

|axb| 3x4x£ =37
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3. Find the unit vectors perpendicular to the plane containing the
- —> - > —>

vector52| +j+kandi +2j+k.

— > 5 > —
Solution: a=2i +j+k b=i+2j +k
— —> —»
> )k
—>
axb = 1 1
2 1
=T (1-2)-](2-1)+K(4-1)
- > —
=-i—j+2k
P £ S = (1 R =y
n_—|a‘%< b  —V1+149 = Vi1

4. Find the vectors whose length 5 and which are perpendicular to the

vectors
— —> = — > —>
a—3|+J 4kand i + 5j — 2k.
Solution: a=31 :?—4—’
—> —> - —>
b=6i +5j—-2
Tk
- —>
axb = 3 1 —4
6 5 =2
> —
=i(-2+20)- J(6+24)+k(15 6)
=181 - 18] + 9k

|‘5x3| =,/(18)2 + (—18)% + (9)2
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=+/324 + 324 + 81 =729

.. Vectors whose length 5 and which are perpendicularto a and b
is

- >
—> axb
n = —=
|axb]
- > — > —
_ 5(18i—18j+9k) _ 90i—90j +45k
B 729 B 27
- -
_101-107+5%F _ 10i-10j +5k
- 3 - 3

- -
5. Find the angle between twovectors a and b if [axb|=3. b,

Solution: |laxb| = a. b
la||b|sin® =]|a||b]|cos 6
=>sin6 51
cos9

=>tanB =1=>0 =%

—>

2, |_5 | =7 anda x b =3i —§?+ 6k find angle between a~

L O
S5 -
Q =

- —> - 5
Solution: a xb =3i- j+§F

S| BxD | =V9+4+36 =449 =7

—> o
|a| | b]| sinB =7
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2x7 xsin® =7

. 1 T
=>sin@ == =>0 =-
2 6

-> > > - > —> > >
7.f a=1i+3j-2k and b = -i + 3kthenfind a x b. Verify that
-—>
a and b
> > >
[ j k
Solution: A xb=|1 3 =2
1 0 3
=T(9-0)-j(3-2)+Kk(0+3)
=9_|>——j>+§T<
—> - —>
a. (axB) =(i+3j—2K).(9i—]+3K)

=9-3-6=0
—»> > .
=> a and (ax—t;) are perpendicular
—»> - > -
B. (axb) = (4 +3K). (9 —] + 3K)
=-9+0+9=0
—> —-> —>
=> b and (ax b) are perpendicular
8. Forany three vectorsTE,—B,?show that
> -5 > —>
ax(b+c)+bx(C+a)+Cx{a+b)=0.
Solution: ?;Tx(B +_E) +_5x (_E +—5) +_E X (a+Db)
=(@xb)+(axc)+(Bxc)+(bxa

+ (?x_g) + (_E Xxb )
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—>
=0
- > —>
Since (axb) =-( x_z;)
- —> — —p
axc) =-(cxa)
- > - >
and (bxc) =-(cxb)
= > . -
9. Leta, b, c be unitvectors such that a. ¢ = 0 and the angle between
—> > —> > —
b and c is = Provethat a = + 2(bxc).

Solution: Given :_5. B’= 0anda. c=0

Angle between Band ¢

. s
is —
6
—> . . N —>
=>a is perpendicular to the plane containing b and ¢ and
—> - . . > >
the angle between b and c is (in other words n = a)

—> —> - —> . . — -
S bxc=]|b]|]c]|sin® nwhere 8 isthe angle between b and ¢

..oT >, > > .
=1x1sin c a since b, ¢ are unit vectors

- > - —-
=% 3 =>2(bxc)oringenerala + 2(bx0)

—’
10. Ifa x b =?x—oT and 3 xC=b x—oT
- > - >
Show that a -d and b -c are parallel.
Solution
- —
(a—d) x?B—c) =(—e;x_lob)—zgx_E)—(_ax—lg)+(a’xE>
—> > — —> —-> > — >
=(axb)—(axc)+(bxd)—(cxd)
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=> (5’—‘&) and (—5 ) are parallel.

EXERCISE 2.4

1. Find the area of parallelogram ABCD whose vertices are
A (-5,2,5), B(-3,6,7), C(4,-1,5) and D(2,-5,3)
Solution:
—> —> 5 >
Let O be the point of reference and OA = - 5i + 2j + 5k.
—> > > — —> - > —> — > >
OB=-3i+6j+7k OC=4i—-j+5kand OD=2i-5j+3k
> —>

Area of parallelogram ABCD = | AB x AC|

—»> - —>

AB = OB — OA = 2i + 4] + 2Kk

> >

AC=0C-0A=91-3]

> >
> — L J k —> —>
ABxAC =2 4 2 =6i+18j -42k
9 -3 0
- >
=6 (i + 3j— 7k)
> >
| ABx AC| =6+/59.

2. Find the area of the parallelogram whose diagonals are represented
—> -5 > >
2i + 3j + 6k and 3i—6j + 2k

—> > > 5>
3i -6 +2k

letd, =2i +3j 6k d, =
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1
Area of parallelogram = > |di xdy |

=>

-—>
= 42 + 14] + 21K

- >

> > —»>
= 7(6i+2j—3k) =7x | 6i +2j-3k |

|dy xdo| = /()7 + (2)7 + (—3)?

= %\/49 = ? sg. units.

3. Find the area of the parallelogram determined by the sides

—>
T>-|-2T+37Eand-—3>i—2j+l—<>

Solution:
- > 5> > > > > >
Leta=i +2j+3kandb=3i-2j+k
> >
i j Kk
axb = 1 2 3}T—IT+£?
3 -2 1
—’
Area=axb = J(8)2 + (—=10)2 + (—4)2
=+/180 = 6\/55q. units.
4. Find the area of the triangle whose vertices are (3, -1, 2), (1, -1, -3)
and
(41 _31 1)
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Solution:

—> - > >
Let ABC be the given triangle and let OA = 3i—j + 2k

—> —> —> —> —

AB = 0B - 0OA =2i-5k

—>

AC=0C-0A=T7-2j—k

— — | ! J k - >

ABxAC=—-2 (0 -5]|=-10i—7j+4k

1 -2 -1
1 — 1> - > —»>

~ | ABXAC | = - | -10i -7 + 4k

= NI+ 7+ @7
= %\/1655q. units.

5. Prove by vector method that the parallelograms on the same base
and between the same parallels are equal in area.

Solution:
Let ABCD be the given parallelogram and
ABCD be the new parallelogram with same
Base AB and between the same parallel lines AB and DC
The vector area of ABCD = AB x AD
- > —>
= AB x (AD' + DD')

- —>
=(ABxA'D) +AB +0
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= vector area of ABCD
i.e. area of ABCD = area of ABCD'

6. Prove that twice the area of a parallelogram is equal to the area of
another parallelogram formed by taking as its adjacent sides the
diagonals of the former parallelogram.

Solution: Let ABCD be the given parallelogram

Area of the parallelogram with AC and BD as adjacent sides
—> —>
= | ACx BD |
= | (AB +BC) x (BC - AB) |
— —> —> —> — —> —> —>
= |ABx BC—ABx AB + BCx BC—BC x AB|
— —> —> —

— —
= | ABxBC+ABxBC|=2| ABxBC |

=2 (area of the parallelogram ABCD)
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7. Prove that sin (A —B) = sin A cos B —cos A sin B.

Solution:

Take the points P and Q on the unit circle with centre at
the origin O. Assume that OP and OQ make angles. A and B with x-axis
respectively.

POJ = POx|+ QOx = A-B

Clearly the co-ordinates of P and Q are (sos A. sin A) and (cos B, sin B).

Take the unit vectors i and |j along x and axes respectively.

— — —
OP =OM + MP
—»> —»>

=cos Ai +sin Aj

— —

>
0Q=0L +1L

=cos Bi +sinBj

—

—> —> —>
0Q X OP = | 0Q| |OP|sin(A-B)k =sin(A—B)k

—> T>

0oQ xOP =
cosA sindA 0

L Ji k|_,
cosB sinB 0‘=k[sinacosB—cos A sin B]
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From (1) and (2)

sin (A—B) =sin A cos B -cos A sin B

> > > > >

8. Forces 2| + 7], 2| SJ + 6k, i + ZJ K actata point P whose
position vector is 4| 3] 2k find the moment of the resultant of three
forces acting at P about the point Q whose position vector 6i +_j>— 3k,

-

> > —>
Solution: The resultant force F =F1 +F2 +F3

?:(fi'+7_j>)+(2| 5]+6k)+(|+2] k)
- > >
=3|+4j+5k
—> —> > >
LetOP=4 2kandOQ 6i +j -3k
_>
r= OP - OQ [through (or at) — about]
> > >
= -2i -4j +k
> >
Moment M =r x F
— >
L j k
= -2 -4 1
3 4 5

—»>

—> —»>
M = -24i +13j + 4k

- > >

9. Show that torque about the point A(3, -1, 3) of a force 4i + 2j + k
through the point B (5, 2, 4) is 1 + ZT— 8k,

Solution:
_>
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—> - >
Let F =4i +2j +k
- > > > > > > >
Let OA =3i—j+3kand OB =5i+2j+ 4k
—»> > > > > >
r =OB-0OA=2i+3j+k
- > >
Torque (moment) M =r x F
> > >
I j k
2 3 1
4 2 1

10. Find the magnitude and direction cosines of the moment about the
point

(1, - 2, 3) of a force Z+_3.j + 6T< whose line of action passes through

the
origin.
—> > > >
Solution: F = 2i+3j+6k
- > >
Let OP =CANDOA=i-2j+3
—> - > > >
R=0OP-0OA=-i+2j-3
> > >
M =rxF
- - >
LoJ K > >
= -1 2 -3 =21i-7k
2 3 6

ITXF| = /@212 + (=7)2 = 7V10
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21 ~7 . 3 1
d.c.s of the moment are{m, 0, 7\/_10} |.e.,{m, 0, 0 }

EXERCISE — 2.5

- > > . .
1. Show that vectors a, b, c are coplanar if and only if

> > > > >
a+Db, b+c, c+aare coplanar

> > 3> > > >
<la+b,b+c,c+a] =0
< 2[ABC] =0

— —»
< "a, B, Care coplanar

2. The volume of a parallelepiped whose edges are represented by
> > > > > > >
-12i + mk, 3j =k, 2i + j— 15k is 546. Find the value of m.
> > > >

- >
Solution: let 3 = -121 + mk,b=3j—k,_E=_2'i+j—15k

Volume of the parallelepiped =[a b c] =546

—-12 0 m
i.e., 0 3 —1 =546
2 1 -15

-12 (-45+1) +m 90-6) =546
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3. Prove that |[[abc]| =abcifandonly a, _t:, C are mutually
perpendicular.

Solution: _5,_5,_{ are mutually perpendicular < [[a b c]| isthe
volume of a cuboids where a, b, c are the co-terminus edges.

- > —>
< [abcll = |allb]]c]|

< |[a b c]| =abc

4. Show that the points (1, 3, 1), (1, 1,-1), (-1, 1, 1) (2, 2,-1) are lying
on the same plane. (Hint: It is enough to prove any three vectors
formed by these four points are coplanar).

Solution: Let OA =1 + §JP+_|:, OB =1 +T-_I:, oc =7+T+

—> —> —> —>

and OD =2i + 2j -k

L, > > 0 -2 -2
[AB,AC,AD]=—2 -2 0 =0
1 -1 -2

Hence the above points are lying on the same plane.

—> > > > >

- —> > > >
5.1f a=2i+3j -k, b =-2i +5k, ¢ =j -3k

v

—»> —> —> > > > > -
Verifythata x (bxc) = (a. c) b -(a.b) ¢

Q

Solution:
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— —> —>
l

b xc=|{-2 0 5 | = 5i-6j -2k
+1 -3
- —»>
- l J
_5x(bx?)= 2 3 -1
-5 -6 =2
—> - —>
=12i +9j +3k

@) = (2(0) +3(1) +(-1) (-3)) =6
(a.cf b = -12i + 30k
(3.5) ={(2) (-2) +(3) (0) + (-1) (5) } = -9
(b= +27k

—>

(‘é’.E’)_I:)»—(_a'.c)c=—12_i>+§>j+3k

Hence 3x(Bx?) = (5.8) B-(a.b) T
_>

6. Prove that 3 x (b x€) +Bx(Tx3)+x(@xB) =0

Solution:

v

o
ow o

X

)

3-(¢3)D

+ x(‘fxé’)+cx(axb)

—>

(a b) c+(b.a‘7c—(b.c) a

LHS = 3x(

+ 1
]
N oy

(c.

= OR.H.S.

(9]
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-

—»> - - > -

7.3 =2i+3j -5k, b= -i+j+2k and
- > > > - > > > > >
c=4i -2j +3k , show that (axb)xc # ax(bxc
T 7 K
_>
solution : 2xb 2 3 =5/ = liT+T+§F
-1 1 2
l J - -
(axB)xc= 11 1 5 =13i-13j- 26K
-1 1 2
- > -
I j k
- - - > —»
bxc ={— 1 2| =7i+11j-2
4 -2 3
> > 7
L] - > >
2ax(®xd =2 3 —5|=49i-31j +k
7 11 -2
(axb)x€ £ 5x(bxo)

C
—> > > —>
b) x c

8. prove that (a x b) x

Where the vector triple product is non zero.

Solution : given (@xB)x¢ = Tx_g)
& (a b)c(B c)a _(5._5)_5—(_5.53?

& (a.b)c =(b.c) a
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& a and c are collinear .
9. For any vector 3
—> > > - .
Provethati x (axi )+jx(axj)+kx(axk) =2a
Solution:

—> — —> —>
Let a = aii +ay) +a3

—-> —> —> > > >

10. Prove that {a x b). (cxd) +ikxc). (axb)+(E'x3').(_k:xa3 =0

»n
o
c
=,
o
S

)
>

)

)
>

Sy

I
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LHS.=(a.c)(b.d) -(b.c)(a.d)
> > >
+ (b.a) (c.d) - (c.a)(b.d)
> > > > > > —> >
(a.b)(a.d) - (a.b)(c.d)
= 0 =R.H.S
> > > >
11. Find (a x b). (cxd)| a=1i+j+
_t: 2_|>+_I:_c>—2|+1 _k>a>=_i>+_j>+2_>

Solution:
- —> > —> — —» > > - > >
(axb). (cxd) =(a.¢)(b.d) -(a.d) (b.¢)
2 C=2+1+1=4
- >
b.d=2+0+2=4
—>
Ad=1+1+2 =4
- >
b.c =4+1=5

L.H.S =(4) (4) -(4)(5) =-4
—»> > > >
12. Verify @xb)x(Cxd) =[abc] - P 3
for _a', K Cand d in problem 11.

Solution:
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& &
® - ®
. SRR .
® 2 01 ®
% cxd = ; ]1 llc =i-3j+k %
1 1 2
. .ot .
% (ax_lc:)x(_c>xa>)=1 ]1 ]2< =§-T-E’ %
1 -3 1
& &
% BB = ; (1) 1 = 1 %
8% 2 1 1 8%
. BT 2 0 1] - 2 .
1 1 2
% B C-Boc d=(4-27-2M -T+T+ 2K %
% -B-3 -4 %
% From (1) and (2) éi
& BxD) x Exd) =BBdc-Abdd &
% EXERCISE — 2.6 %
% 1. Find the d.c.s of a vector whose direction rations are 2, 3, - 6. %
8& Solution: 8%
§ T =22+ @B)2+(-6)% = V49 = §
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d.c.s are

NS
-
N|lw

-5
"7
2. (i) Can a vector have direction angles  30°, 45°, 60°.
(ii) Can a vector have direction angles 45°, 60°, 120°?
Solution:
(i) For direction angles cos’a + cos zﬂ +coszy =1
Cos” 30 + cos® 45 + cos” 60
- e
. 30°, 45°, 60° are not possible to be direction angles.

(ii) cos®45 + cos’60+cos”120 = %+ +- =1, ..yes

o
e

3. What are the d.c.s of the vector equally inclined to the axes?
Solution:
Cos’a +cos’f +cos’y =1Butaf =y

'C052 = => COS al
e Y—3— 73

: ‘ 111
.. Thed.c. ‘s are [/? NEL @J

4. A vector T has length 35v2 and direction ratios (3, 4, 5) find
the direction cosines and components of 7.

Solution:

The direction rations are (3, 4, 5)
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V32 + 42 + 52 =+/50 =52

dc” 3 45
€5 are 5v2 5v2 52
— —>

- 3i +4j +5k
r = 35\/ v J

— =

f = 7 [31 + & +5K] =2Ti+ 28] + 35K
5. Find direction cosines of the line joining (2, -3, 1) and (3, 1, -2).

Solution:

. dr's are (1,4, 3) => r =/(—DZ + (—4)2+3% =26

Directi . -1 —4 3
irection cosines e’ Tae  Tae
Note: Since any one point can take as the first point, we have

directions cosinesare  + ()

6. Find the vector and Cartesian equation of the line through the point
—>
(3, -4, -2) and parallel to the vector 9T +6] + 2K,

Solution:
Vector equation:
- = —>
r=a +ib where a =

r=(3 -4 -2K) + t (S +6] +2K)
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Cartesian form:

Where (x1, y1, 1) = (3, -4, -2)
(II ml n) = (9I 6I 2)
The equation of the line is

x—3 y+4 z+2
9 6

7. Find the vector and Cartesian equation of the line joining the points
(1, -2, 1)and (0, -2, 3)

Solution:

Cartesian form:

X—X1 _ Y- V1 _ Z72

X2—X1q y2y Z2— 174
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Here (x1, v1, z1) = (1, -2, 1) ; (x2,¥2,22) = (0, -2,3)

. . x—1 +2 z—1
The equations is — = yT =

8. Find the angle between the following lines.

x—1 +1 z—4 +2 z—4
— =2 = andx+1 =2=° = ==
2 3 6 2 2

Solution:

The parallel vectors to the lines are

- — - —
v =i + 2j +2krespectively

Let O be the angle between the given lines

— —>

cos O =u—v>
T vl
V=20;[0| =7, V]| =
0
cos G—LZ—J
0 = cos™

21

9. Find the angle between the lines

T = _7J+y(| +4j+2_.5

T2+ K+ y(3| +4k)

Solution:
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The parallel vectors to the lines are
—> —>
U=-T+14] +2K and V' =3i +4k respectively

Let O be the angle between the given lines.

- —
v
Cos O —=—
lu| [v]
UV = 5 [u|=v21|V]=5
5 1
cos O = 215 21
_ 11
0 = cos =
EXERCISE — 2.7

1. Find the shortest distance between the parallel lines

—- >
() P= (2i+] -K) +t [T-2+3K

?=(T>—§T+T<>) +s (_i>—2_j>+3_k>)
i) =L - r - z8 3 oyt oz
(ii) — = 3 = and — 3 >
Solution:
- 5T > — —
(et T =1i -2 ¥3k. @ =2i -j-K and 25 =i-2j +k

Shortest distance between the lines d = *X(%2=21)

- 7

gk

1 =2 3|=- -5 -3k
2

-1 =

|ul

- > >
ux (a;-ai) =
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[Ux (3 -a1) | = (FD2(=5)2 + (=3)2 =V35

0| = Vi
S S
. _\/ﬁ - 2
(ii) Let 0= -_i>+3_j’+2T<> and 3@; =1 - 3K
T = Vi4 o= 3T-T+K
a-ar=2i-] -4k
i ]_> k_>
Tx(@-a)= 41 3 2 = 141 +8 -5k
-1 —4
|'d'x @-a1) | = V285
g = V285 _  [285
0T J1a 14

2. Show that the following two lines are skew lines:
r = (3i+5 +7k) +t (i -2j + k) and

P =0T +]+K) +s (i + 6JP+7_|(>)

Solution: Compare the given lines with

—> - — —>
= a1 +tu and r = a, + sv
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- > —>
3—a1=-2i -4j -6k

2 —4 -6
[[@=a)uvi=|1 =2 1 |= 2(-20) +4(0) -6(20)
7 6 7
= -80%#0 .. The above lines are skew lines.
3. Show that the lines *== = ¥*1 - Z gpq 222 - x1 _ 2
1 1 3 1 2 1

intersect and ind their point of intersection.

Solution: Condition for intersectingis d = 0

Xo—=X1 Y2— V1 23— 73

(i.,e.,0 [(az—a1) u v)] = 0or I my n
l2 m, n-
Here (x1, y1, 1) = (1,-1,0)

(XZ; Y2, ZZ) = (21 1; _1)
(lll ms, nl) = (11 '1r 3)

(IZI my, nZ) = (11 21 -1)

N 1 2 -1
[(»-3)uv] =|l1 -1 3|=5+8-3=0
1 2 -1
Further U and V" are not parallel.
.. The lines intersect For point of intersection, take le = y_+11 =§

=[]
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Any point on this line is of the form (m +1,-m-1.3m). xIZ _ y;l _
z+1
-1 - ,Ll

Any point on this line is of the form (u+2, 2u+1,-u—1)

(m+1,-m-1,3m) = (u+2,2u+1, -u-1)

m+1= pu+2
m- u=1
-—m-1=2u =2
m-2u=2

Solving(1)and(2), u =-1, m =0
.. To get the point of intersection eitherput 4 =-1lorm =0
.. The point of intersectionis (1, -1,0)

4. Find the shortest distance between the skew lines

3 1 1
X y+9 z-2
and — =—/— =—
3~ 2 4
Solution:
T lgmany
. ar;—aq
Shortest distance d = m—v;‘u
—>
—> :
u = 3i

i+K  a, =6+ 7 +4K
—>

- >
4k a, =9j+2k
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- > > - —
az—a1=-6i -16]-2'(
> > E’
l J - >
Uxv =|3 -1 1]|=-6i-15] +3K
-3 2 4
| UxV| =270
o —6 —16 -2
[(@-adgu Vvl = |3 -1 1
-3 2 4

or (a—21) (uxvl =36 +240 -6 = 270

—*270
d = T V270
= 3v30

5.Show that (2, -1, 3), (1, -1, 0) and (3, -1, 6) are collinear.
Solution:

The equation passing through (2, -1, 3) and (1, -1, 0) is

x—2 _y+1 z-3
-1 0 -3

m (say)
Any point on this line is of the form (-m+2, -1, -3m + 3)
The point (3, -1, 60 is obtained by putting m =-1)

.. The third point lies on the same line. Hence three points are
collinear.
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6. If the points (m, 0, 3), (1, 3, -1) and 9-5, -3, 7) are collinear then find
m.

Solution:

Since the three points are collinear, the position vector of three points
are coplanar.

- >

letZ=mt +3k, b =" +3j -k and T =-5 3j +7k

m 0 3
Bbd=|1 3 -1 =0

-5 -3 7

18m + 36 =0=>m = -2.

EXERCISE — 2.8

1. Find the vector and Cartesian equations of a plane whichis at a
distance of 18 units from the origin and which is normal to

> > >
the vector 2i+ 7j + 8k

> > >
Solution: Here p = 18 and =2+ 7j +3k

> >

S _ 2i+ 7j +8% g
' T n| ~ vI17 T

> >
Hence the required vector equation of the planeis r. n = p
> 2i+7] +8 k

V117 = 18
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Cartesian form:
_F. (2_i>+7_j>+9_l><) = 18 /117
r. (2i +7j +8k ) = 5413
(xT+ {/]'+ z_k'). (2T+ ;?+_8>k) =54+/13 i.e., 2x+ 7y +8z =54+/13
2. Find the unit normal vectors to the plane 2x —y + 2z =5.
Solution:
2x—y+22=5<:>(_x>i +yT+ zT<3. (2_i>—_'>+ iT() =5

> > —»>
Here_ﬁ=2i—j+2k
> > > >

. 20 -j+2k
Unit normal vectors + n = i% = + ]3

3. Find the length of the perpendicular from the origin to the plane

> >
Y. (3i+4j+12K) =26

Solution:  Write the given equation in the form of T. n = P
Gi —>(3—.>+£>+ 12T<>) - 76 _>—> 3_1"+4T+12 _.a _ 26
iven r.(3i +4 = => T, 5 J =
> (3744 412K
=>r. . 1; = 2

. Length of the perpendicular from origin p =2
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4. The foot of the perpendicular draw from the origin to a plane is
(8, - 4, 3) . Find the equation of the plane.
Solution:

The required plane passing through the point a (8, -4, 3) and is
perpendicular

to OA
> T 5> > > > > -
. a =8i—4j +3k and nm=0A=8i-2]+3k
.. the required equation of the plane is Th=an
> > > > > > > > > >
r. (8i -4j +3k) =(8i—4j+3k). (8i—4j+3k)
The vector form is r. (_§i -4T+ 3_E) = 89
> > >
Cartesian form: (3<>i +_;7j+z_E). (8i-4j +3k) = 89
=>8x -4y +3z =89
5. Find the equation of the plane through the point whose p.v. is
> > > > > >
2i—j+ k and perpendicular to the vector 4i + 2j — 3k.
Solution:

> > >
The required equation of the plane through 2i -j + k and
perpendicular to i + ij —3kis

> > > Y
rr n=a.n

_>
Here a= ZT-T+_E andn =41 + 2_'1 -3k
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e T e T <
+

> > >
r.(4i+2j—3k)=(2i—j+k) (4i+2j-3k)
> >
ie,r(4i+2j-3%) =
> > > > —»> —»>
The Cartesian formis(xi + yj+2k) (4i +12j-3k) = 3

EXERCISE - 2.9

1. Find the equation of the plane which contains the two lines

x+1 -2 z-3 x—4 -1

=2 = and = 2 =z-8
2 -3 4 3 2
Solution:

The required equation of the plane through A (-1, 2, 3) and parallel to

U=2i- 3J+4kand v—3| +2]+1k

The required equationis r =a +su +tv

~—t

P =[T+27]+3 k) +s(2_|>-37:-4_>)+t(3_|’+2_f+_ﬁ)

Cartesian form:

(Xll Y1, Zl) is (_11 2) 3)1 (llr may, nl) is (21 -31 4) (|2; m21n2) is (31 21 1)

X—X1 Y— WM Z—71
l1 mq nq
[ mj n;

The equation of the plane is
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x+1 y—2 z-3
2 -3 4 EO
3 2 1

i.e.,

=>11x -10y-13z+70=0
This is the required equation in Cartesian form.
Note: The above plane can be determined by passing through

(-1,2,3),(4,1,8)and parallelto2i -3j+4kor3i +2j+k

2. Canyou draw a plane through the given two lines? Justify your
answer.

Solution:

Comparing with
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These lines are not intersectingand u, v are not parallel.

.. they are skew lines. We can’t draw a plane through the given two
lines.

3. Find the point of intersection of the line

- — — —> —
r=(j-k) +s(2i -_j>+ k) and xz - p-lane
Solution:
: : : .. X-0 _Y-1 _Z+1
Cartesian equation of the given line is = = Ir

Equation of xz plane isy = 0

X -1 z+1
So—m =— =— => x=2,2=0
2 -1 1

.. Therequired point is (2, 0, 0)
4. Find the meeting point of the line

—> — —>
r=(2i +j

—»
-3 k) +t (2777 - F)'and the plane
X—2y+3z+7=0
Solution:

. . -2
Cartesian form of the line is xT = =— =— =m (say)

Any point on this line is of the form (2m + 2, -m, -m - 3)
This point lie on the planex -2y +3y+7=0

2m+20 -2(-m+1)+3(-m-3)+7=0
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=>m = 2
.. The point is (6, -4, -5)
5. Find the distance from the origin to the plane
T (2—i> -T+ S—I:) =7
Solution:
Cartesian form of the planeis 2x—-y+5z-7 =0

Distance from the origin to the plane ax+by+cz+d =0 is
d

IVa2+b2+c2

-7 7

30 V30

6. Find the distance between the parallel planes
Solution:
Distance between two parallel planes
ax +by+cz+d; =0
ax +by+cz +d, =0
= @
VaZ+b2+4c2
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The given planesare x -y+3z+5=0 and x -y+3z + % =0

a |

N w

5-7 . 3
JOT+ED243)2 - VIT 0 2911

EXERCISE — 2.10

1. Find the angle between the following planes:

(i) 2x +y -z =9 and x +2y+z =7
(ii)2x—3y+4z=1land—x+y=4

i) r. (31 +j+k) =7and r. (] +4j - 2k) =10
Solution:

(i) The normals to the given planes are n; = 27 +_j>-_k>

and n, =_'r +ZT:-_I<>

Let O be the angle between the planes then

s B - 51; I _@ o -R). (T 4+ =1
_ 6 _ 1
T VeVve 2
:>6E

(ii) The normals to the given planesaren; =2 i—3j +
and np, =i +j

Let O be the angle between the planes, then
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- — >, P,

cos 0 = LTz _ (2i+3 j +k).(—i+))
e — o o =
In1l Inz V29 V2
- 1-5
=— =>0 cos —
V58 V58

— —> —>
(iii) The normals to the given planes are |_1>1 =3i +j-kand

n; =7 +4_j>- 2K

Let 8 be the angle between the planes then

cos 0 = T ony 9 9
MYl 123 Ji1 V21 V231

2. Show that the following planes are at right angles.

- —> —
(27 -j+k =15and . (T -] -3 k) = 3.

Solution:

The normals to the given plane are

— — - —> —
_J_

- — —
ntn =2i -j+kandn, =i -j—-3k

=> The normals are perpendicular.

=>The planes are at right angles.

3. The pIanes?(z_'i+ uj_-'3 kT'= 10 and r._'(u e 3j_5r kT= 5 are

perpendicular. Find u .
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Solution:
The normals to the given planes are
=27 +_ﬁj—§T<and_n'2 =Tfi +§'j+_T<
. . - —>
Since the planes are perpendicularn;.n, =0
=>_n>1.ﬁz> =2u+3 u-3 =0

:>5M:9:>“:%

4. Find the angle between the line XS;Z = y_+11 = Z__ZS and the
plane
3x+4y+z+5=0
Solution:
. i A S o
The normal to the given planeisn =3i + 4j+

_>
The parallel vector to theline b =3 i -j—2

Let O be the angle between the line and plane. Then

| s
sin 0 = |=bT|7T
=(3) 3)+(-1) (4) +(-2) (1)

b] =2[n] =+O1
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— — > —>

5. Find the angle between the line TS0+ f +3% + w (21 +j-k)
and the plane 1. (T +J) =.

Solution:

The normal to the given plane to =1 +Tand the parallel

a
- >
vector the line b =2i +] -k.

Let 8 be the angle between the line and the plane

EXERCISE —2.11

1. Find the vector equation of a sphere with centre having position

vector
—>

— —>
2i - j + 3k and radius 4 units. Also find the equation in Cartesian
form.

Solution:

. — —>
Vector equation of a sphere | r—c| =a

—

Here c=2 i —_J’+3_Eand a=14

.~ Vector equationis |r—(2i-j+3k)| =4
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Cartesian form:

— — —
LetT = X | +yj+zk

- — — —>
r-c=(x—-2)i+(y+1) j+(z-3)k

— —> 5
-C

- =4% => (x=2)" +(y+1)* +(z-3)* =16

=> x’+y> +2° -4x+2y—6z -2=0

2. Find the vector and Cartesian equation of the sphere on the join of
the points A and B having position vectors 277 + 6_T - 7K and

2T+ ATT— 3F>respectively as a diameter. Find also the centre
and radius of the sphere.
Solution:

Vector equation of a sphere joining the points A and B whose
— > — —>
p.v.s. and a and bis (r—a).(r—b) =0

—> —
k

—> —>
Hered =27 +6 j—-7Kand b =2i+4}-3
—> —» — —> —> —> —> —>
[r-(2i+6j—7k).] [r=(2i +4j-3k)] =0

Cartesian form:

— — — —>
let r=x1i +yj+zk

_r>—_a'=(x —2)_|' + (y —6)T+ (z+7)_k>
- — — — —
r—-b=(x+2)i+(y—-4)j)+ (z+3)k

— — —> —>
r—b)=

r—a).( )=0
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=> (x—2)(x+2) +(y—-6)(y—-4)+(z+7)(z+3)=0
2 2,2

=>x"+y +z° -10y+10z+41 =0

Compare with x2+y2+zz+2ux+2vy+2wz+d =0

u=0.v=-5 w=5 d=41

Centre is (-u, -v, -w) =(0, 5, -5)

radius is = Vu?Z +v2+w?2—d = 25+25—-41 =3

3. Obtain the vector and Cartesian equation of the sphere whose
centre is 91, -1, 1) and radius is the same as that of the sphere
— > —> —»>
| r—(i

+ ]+ 2k)| =5.

Solution:
— —>
r—c

Vector equation of sphere | =a

— > —> —>
Here c=i -j+ k, a=>5

. Vector equationis | r —(_i>—_j>+ k_ﬂ 25

Cartesian form:

— — —
Xi +vy j+ zk andcentre(1,-1,1),a =5

T =
(x=1)* +(y+1)° +(z—1)* =5°
=> x> +y +22—2x+2y—22-22 = 0

4. If A( -1, 4, -3) is one end of a diameter AB of the sphere

x> +y° +2°—3x-2y + 22— 15 = 0, the find the coordinates of B.
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Solution:

Comparing with x* + y> +2° +2ux + 2vy + 2wz +d = 0

Centre of the sphere is {_73, 1-1 J

One end of the diameteris (-1, 4, -3)
Let B (xy, Y2, z2) be the other end of the diameter.
The mid point of AB is th centre {_73, 1-1 J

, ~1+x; 4+ ~3+2 -3
ie., 2, Y2 , —=2| =|— 1-1
2 2 2 2

=> X=4,y,=-2,2,=1

.. The co-ordinates of B are (4, -2, 1)
5. Find the centre and radius of each of the following spheres.

(i) | T=(21 -j+4k| =5

(i) |27+(37 - J+4K)| =4

(iii) X2 +y*+2° +4x—8y +2z=5

(V)2 T (41+2]-6K)—11 =0
Solution:

(i) Vector equation of sphere is |?— ( 27 _T K)

.. Centreis (2,-1,4) and radius is 5.
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(ii) Vector equation of sphere | 27+ (37 -j+4K)| =4

—> — —> —>
= |2r—(3i+j—4k)| =4

— —>

=>|T75 (-3i+j-4k)| =2
=> Centre is{%3 , % -ZJand radius is 2

(iii) Cartesian equation of sphere x*>+y>+ 2> +4x—8y +2z=5
u=2,v=-4,w=1,d = -5

centre (-u,-v,-w)=(-2, 4, -1)

radius = Vu2+v2+w?-d = V4+16+1+5 =26
_>
(iv) Equation of sphere r° -_F (ZTT + ZT— 6k) -11 =0

— — —
Let 7 = X i +yj +zk

(x_l’ +\77+2U2 -(x_l’ +W+2_E). (4_|’+2_J'—6_I:) -11 =0
=>x’+y’ =2 - (4x+2y—6z) -11 =0
=>x2+y2=zz-4x—2y+62 +11 =0
Here u =-2,v =--1,w =3,d =-11

Centreis (-u, -v,-w)=(2, 1, -3)

Radius =Vu? +v2+w? -d =5

6. Show that diameter of a sphere subtends a right angle at a
point on the surface.
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Solution:

Let P be a pointon the surface of the sphere and AB be a
diameter. Consider the great circle on the sphere passing through
the points P, A and B. Take the centre O as the point of

reference.

—> —> —>

PB =OB-0P

—> —> —> —>

P =OP-OA=0P + OB

AP. PE =(OP + OB).(OB-0P) = |OP|? - |OB]|?
=0SINCE |[OP| = |OB|

.. AB subtends a right angle at P o the surface.

Hence the result.
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